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The connections between g -Bessel functions of three types and q-exponential 
of three types are estabhshed. The q-exponentials and the (7^-Bessel functions are 
represented as the Laurent series. The asymptotic behaviour of the q-exponentials 
'^ ■ and the g^-Bessel functions is investigated. 

^ : 1 Introduction 

o 

'^O • The main goal of this paper is an investigation of the asymptotic behavior of the g^- 

Bessel functions for the large value of the argument. To solve this problem we establish 
connections between the g-exponentials and the g^-Bessel functions. 

The g-exponentials of type 1 and 2 are well-known. Although the third g-exponential 
is not very familiar nevertheless its properties can be received from the properties of 
first and second g-exponentials. The situation with the q'^-Bessel function of type 3 (the 
^ ■ Hahn-Exton function) is similar. 

j^ . Let q be the real number from (0, 1). The g-exponentials and the g^-Bessel functions 

are the solutions of the difference equations, and so to consider them on the g-lattice (or q"^- 
lattice) is naturally. On the other hand these functions are determined as the convergent 
series in some region, and so they are analytic ones in the corresponding regions. So we 
will consider the continuous functions of ^ > and z = q^^'^ , n E "Z, < ly < 1. We will 
investigate the asymptotic behavior of functions f{z) ii z -^ 00 ot z = q'^'^" and n -^ —00. 

The main result is contained in the Propositions 4.4, 6.1 and in the formulas (7.4) - 
(7.7). 

We will use the standard notations 

(a,g)„ = (1 -a)(l -ag)...(l-ag"~^), (a, g)oo = lim (a, g)„, 

n—*oo 
(Oi, ..., ttk] q)n = (Ol, q)n---{ak, q)n, 



O 



and the basic hypergeometric series 

^ / 1 1 \ ST^ [0,1, ■■■,0'r',Q)n // tn„ "("~^) Ng-r+l n 

^ {q,q)n{bi,...,bs;q)n 
Let w = (1 — (7^)2;. There are three types of the ^'^-exponentials: 



1- e«(«) = e,((l - q')z) = ^-^ = J^ f > 1^1 < 1 ^' (1-2) 

2. ef{u) = E,{{l-q-)z) = {-{l-q-)z^q)^ = Y^ '' ' /'V ' (^-3) 

n=0 ^^'y^" 

rvn Tifn— 1) , ;-,, 

3. ef («) = i$i(0; -V^; V^, -(1 - q^)z) = ^ ^ ' / ~^^ ^ . (1.4) 

n=0 ^^'^^'^ 

Obviously e^ (u) is a meromorphic function and has simple poles at the points u = 
g^", n = 0, 1, .... Consequently, Cq (u) and eg (u) are the holomorphic functions. 
Remark that for any j = 1, 2, 3 



lim e^^\{l-q^)z) = e 



2z 



Let 

(1 — q^)z 
The g-exponentials satisfy the next difference equations: 

D,ef)(«) = ef)M, 

D,efH = ef(g^..). 
The g — F-function is determined as 

2 The Q'^-Bessel functions 

Remind that the g^-Bessel functions of type j, j = 1,2,3, are determined by the following 
series [1] 

4^)(2(1 - q')z; q^) = \ E^) ,, 2/, J2 \f - 



where the parameters j and 6 are connected by formula 

■' 2 2 

For ? = 1, \z\ < -r^- The modified o^-Bessel functions are 

1 ^ (2-5)n(n+!/)/-| _ 2Vln v+2n 

I^\2{1 - q^)z; q') = ^ .' ^. J^ ' ., ^Z^.+V ^f ■ (2-1) 

Obviously 

/^■)(;.e-i; g^) = e-iV^^'^l^; g^), li'\ze'^^ ; q') = e^^^\Jl^\z- q'), (2.2) 

If 1/ is not integer the g^-Neumann functions and the q'^-Macdonald functions respec- 
tively 

yJ^)(2(l-g2)^;g^) = ^I^r,.(/v)r,.(l-/v)[coszv7r4^)(2(l-g2)z;g2)-jS(2(l-g^)^;g^)], 

n 

Ki^\2{l - q')z; q') = l^r,. (/.)!,. (1 - /v)[/^i(2(l - q')z; q') - ll^\2{l - q')z; q% 

g^-Wronskian of two solutions of a difference equation of second order is determined 

as 

Wif,,h) = Mz)Mqz)-Mqz)Mz). 

Proposition 2.1 The functions Ju{2{l — q^)z;q^) and YL- (2(1 — q^)z]q^) satisfy the 
difference equation 

fiq-'z) - {q-^ + q^)f{z) + f{qz) = -q-\l - q^z^fiq^-'z), (2.3) 

and form the fundamental system of the solutions of this equation with q^ -Wronskian 

q-" (1-9^)^ / /-r ^2\2^2 



„2 ■■ 



eq2{-{l- q^fz^) for 6 = 2 



W{Ji^\Yy^)={ 2ZUlzfl for 6=1 

'-^^^E,.{il-qyz') for 6 = 0. 

Proof. The first statement is checked directly. 
Now consider the Wronskian 

W{ji^\il - q')z;q'),Y^^\il - q')z;q')) = Wi4^\Y^^^^)iz) = 

Jl^\{l - q')z; q')YJ^\il - g^)g^; g^) - 4'\il - q')qz; q')YJ^\il - q')z; q'). 

Let 6 = 2{j = 1). Because the functions Ju and Yu satisfy to the equation (2.3) we 
have 

j«((i - q')q'z- q') = -(1 + (1 - g^)^^^) J«((i " q')^; q') + (g^^ + g^)4'H(i - g')g^; g') 



and 
Hence 

i^(j«,F«)(Q^) = (i + (i-g2)V)py(j«,y«)(z), 

By setting 2; = 0, we have 



TT 

and 

The proof of the Proposition for (5 = 1 and is similar. □ 

Proposition 2.2 The functions li {2{1 — q^)z]q^) and Ku{2{l — q^)z]q^) satisfy the 
difference equation 

fiq-'z) - {q-^ + q^)f{z) + f{qz) = q-\l - q'fz'fiq'-'z), 

and form the fundamental system of solutions of this equation with q^ -Wronskian 



^-l^^e,2{{l-q^fz^) for 6 = 2 
W{ll^\Ki^^)={ !C^(lzfl for 6 = 1 



22 
2ZUlzflEg,{-{l-qyz^) for 6 = 0. 

The Proof is the same as above. 

3 The Laurent series associated with the (/-exponentials 

Let z be a real positive number, and u = e^^z{l — q^). Consider the products 

A^^\u) = e[^\u)e[^\h J = h 2, 3. (3.1) 

Proposition 3.1 The functions A^^\u) (3.1) can he represented as the Laurent series 

00 
A0-)(„)= ^ tz'gV''-^/;-''^(2gig). (3.2) 

If 3 = 1, q<\u\< 1. 



2-g ,2 I 
l=—oo 



Proof. Let j = 1 and q < \u\ < 1. Substitute (1.2) into (3.1). 



™ _^ OO OO I. I / OO OO J. 



OO / _/ OO l. OO / OO jU 

^ (g, g)« ^ {q, q)kW+\ q)k ^ (?, q)i ^ (?, g)fc(?'+^ g)^ ' 

It follows from (2.1) that if g < |-u| < 1 

OO ^ 

^(g,g)fc(g'+^?)fe 

Since I_i{z; q) = Ii {z; q) we have 

OO 

A«(«)= J] A-^//'^(2v^;g). 

i = — OO 

If j = 2 or 3 for any m 7^ we have 



°° o^"("~1)m" °^ „\^m(m-l)+m^-m 



A^^n.)^ES7^r^E 



tr M)^ ^ (g, ?)fc(g'+^ ?)fe ^ ^ (?, g)i ^ (?, g)fe(?'+^ g)fc ' 

It follows from (2.1) that for any u 





00^ Yfc(fc+o+4 ^ ^ ,, ,. , 


So 


00 

A0-)(«)= ^ ^i'gY'^ i/;^)(2gig). 
I— 00 


Obviously for j - 


= 1 (5 = 2) we get (3.2) from (3.5). □ 



(3.5) 



Corollary 3.1 If u is real and q < u < 1 

A(2)(m) <A(3)(^i) <a(i), (3.6) 

and for u > 1 

A(2)(m)< a(3)(m). (3.7) 

The Proof follows from the comparison of the coefficients in (3.3) and (3.4) for j = 
1, 2, 3 (5 = 2, 0, 1). D 



4 The behaviour of the ^'-exponentials for the large 
value of the argument 

Proposition 4.1 The function h.^^\u) (3.1) for j = 1 satisfies the equation 

A^^\qu) + uA^^\u) = (4.1) 

and has the form 

A(i)(M) = ti5i°s,«-5+iTr^. (4.2) 

Proof. Consider the function A*^^) = 7 — r-rq — \— • 






w(l - u) {qu, g)oo(^, q)oc u{l - i) (m, g)oo(f , q)oo 

Tlie last equality gives us (4.1). 

The fact that (4.2) satisfies (4.1) can be checked directly. □ 

Proposition 4.2 The function A^'^\u) (3.1) for j = 2 satisfies the equation 

uA^^\qu) - M^\u) = (4.3) 

and has the form 

A(2)(M) = M-5i°g,«+i (4.4) 

Proof. Consider the function A^^^ = {—u,q)oo{ — -,q)oo- 

D,A('\u)e-^' = U-' {A('\u) - A^'\qu)) = - ( (-u,q)U-^,q)^ - (-qu,qU{--,qU 

u \ u u 

—-—^{{-qu, g)oo( , q)oo - " A -u, q)^{ , g)oo) = 

u{l + ^) u u{l + Uj u 

A^^\qu)-u~^A^'\u). 

The last equality gives us (4.3) 

The fact that (4.4) satisfies (4.3) can be checked directly. □ 

Represent the function A^^\u) (3.1) for j = 3 by product 



and let 



Then 



A(3)(M) = A(n)A(^) (4.5) 

u 



u w^ u 



D,(A(«)A(^)) = -1a(«)A(^) + A(g^«)A(i). 
u u^ u u 



Proposition 4.3 The function A{u) satisfies the equation 



A{u)A{^) - AMA(-) - uA{q^u)A{-) + -A{u)A{^) = (4.6) 

u u u u u 



and has the forms 



or 



A2(m) =M-ii°s.«+l. 



(4.7) 
(4.8) 



Proof. Obviously 



D,A^''\u)e-'' = u-^ 



Aiu)Ai^) - Aiqu)Ai-) 
u u 



Aiq-^u)Ai-)-u-^Aiu)Ai'^ 
u u 



So we have (4.6). 

The fact that (4.7) and (4.8) satisfy (4.6) can be checked directly. □ 

Now investigate the behaviour of the ^'-exponentials for the large value of the argument. 
Consider the cases j = l, 2, 3 (5 = 2, 0, 1) separately. 



1. j = 1. Consider (4.2). Put u = 6*^1^1, |-u| = q^~^'^, n 
part of a, and < A < 1. Then 



In |« 
Ing 



, [a] - is an integral 



where C*^^^ is an independent on n constant. Assuming n = we obtain 

C«=A«(eV). 
On the other hand it follows from (1.2) that 

1 1 



A«( 



u 



(m, q)oo{qu-\ q)oo (g"+^e*^ q)oo{q^-''-^e-'^, q). 



„An+in(n— 1) „mA(9+7r) 

(g^e*^ ?)oo(g^-"-^e-^^ Q)„(gl-^e-*^ g)oo ~ (gV^ g)oo(g^-^e-*^ g)c 



(g^e^^ q)., 



Thus 



C7(i) 



(g^e^^g)oo(gl-^e-*^g)<: 



and for any ti 7^ [2] 



e«(t.) 



l\W(u) QAn)+in(n-l)gi(7r+e)n|'„l-n-Ag-i0 „\ 



^iB 



(gV^g)oo(g^-^e-^^g)c 



(4.9) 



2. i = 2. Consider (4.4) 



A(2)(ti) = ^-ia°s,«-i) 



and assume \u\ = q""^^ again. Then 

On the other hand it follows from (1.3) that 

A(2)(«) = {^-u,q)^{-qu-\q)^ = [-q-+\^\q)^[-q^—>^e-^\q)^ = 

Thus 

and for any w 7^ 

3. J = 3. The equation (4.6) has two solutions (4.7) and (4.8). Substituting these 
functions into (4.5) we obtain 

Af\u) = Ci«^('°s,-i)^ Af (ti) = C2«-i('°*^'"-^\ 

For an arbitrary real u > 1 take the solution A2 (w) and require that 



^-i(log,«-l) ^ gM^-|(l°g<7«-l)^ 



according to (3.7). 



2 1 

-(l0ggM-l)l0ggM< --! 



M - o (logg " - 1) logg " ^ "o (logg « " 1) logg «' 



/i< -(loggW-l)loggM, 

and we put /i = — ^. Then (3.6) is fulfilled for -u : g < -u < 1. So for an arbitrary complex 

A(3)(^,)=g-2iM-|(i°s,«-i), 
and we assume \u\ = g"^^ again. 



5 



Hence for any w 7^ 



Proposition 4.4 The asymptotic behaviour of the q- exponentials has the form 

^iN^i{e+n)n(j{i)^l + o(g-")) for j = 1 

ejj)(ti) = <{ g-^^e-^''"C(2)(l + o(g-")) for j = 2 

g-|^-2ie-1^"C(3)(l + o(g-")) for J =3, 



where 
and 

Proof. Obviously 



N = n{n - 1) + 2Xn, (4.12) 



-^e-*'^) 



lim e^J\q^-'^-^e-'^) = 1. 
Now the statement of the Proposition follows from (4.9) - (4.11). □ 

5 The representations of the (/^-Bessel functions as 
the Laurent series 

Let u be real. 

In [3] it has been received the following representations for the modified (/^-Bessel 
functions of kind 1 and 2 

Ii^\2u; q') = ^ [el^'\u)Mn) + te^''''el^\-u)M-^)] , (5-1) 

y 2u 



q-'^'+l{l-q^) 



Kl^\2u-q^) = ^ '''' ef{-u)<^,{-u), for /. ^ n, (5.2) 

2a,,v2u 



where 



-'^+h{^^„^2.\ 



— ^ — — for v , Ti 

''^ :^°^ for p = n 



2-K 



$.(m) = 2$i(?"+^ g^"+^; -q\ g, -)• (5.3) 

u 

In the case v = n Kn can be received as the limit of KI if i^ tends to n. 

It follows from (1.2), (1.3) and (5.3) that ^/uIu {2u; q^) is a meromorphic function and 
has simple poles at the points u = ig^", n = 0,1, .... ^/uKi, {2u; q^) is a meromorphic 
function and has simple poles at the points u = — g~", n = 0, 1, .... \/uIu {2u; q^) and 
\/uKl, {2u; q^) are the holomorphic functions outside a neighborhood of zero (see [3]) 

Using (2.2) we can write 

4^')(2n; q^) = -^ [e-*(5+'^5)e(^')(m)$.(m) + ie'^^^^''^^e^\-iu)<^,{-iu)\ , (5.4) 

y2u 

Yj^\2u;q')= (5.5) 



g--H|(l_g2 



TX\J1uay 



[e*(|-'^f)eO-)(^^)$^(^^) +^e-*(f-^f)eO-)(_^^)$^(_^^)] ^ 



Ki) 



Kj) u 



if z/ is not integer. In the case u = n Yn can be received as the hmit of Y^ if ly tends 
to n. 

The functions \pu,Jv {2u;q'^) and ^/uYu (2m; g^) are the meromorphic functions and 
have simple poles at the points u = ±iq~^, n = 0, 1, .... The functions ^fuJi, {2u; q^) 
and ^/uYp (2m; q^) are the holomorphic functions outside a neighborhood of zero. 

To receive the similar formulas for g^-Bessel functions of kind 3 we use the following 



Lemma 5.1 Let the functions 



f^^\z) = J2 b: 



(j)^k^i 



k=—oo 



(5.6) 



satisfy the equations 



where j 



q^f^^\q~'z) - {q~^ + q^f^^Xz) + q'"^ f^^\qz) = q""^ z' f<^\q'''z) 
-U^ + U + 2, 5 = 0,1 and 2. Then 



(5.7) 



.(3) 



»["€' 



for any k 

Proof. It follows from (5.6) and (5.7) that 



dj) 



^U)^^^k5-3(l-l) 



(l_^-.+fe-l)(i_^.+fc-i) 



^0) i(ii-3+5^) 



for k = 2l 



for fc = 2/ + 1, 



i.e. (5.8) is fulfilled. □ 

Find the coefficient of function 



(5.8) 



'u \/u 



y^ c^^}u ' + y^ c[r M 



1=1 1=0 



J = 1,2, 



in their decompositions in the Laurent series. Because these functions satisfy (5.7) for 
6 = 2 and respectively the following series satisfies (5.7) for 5=1 



.1=1 



J1)J2) -i-i 



1=0 



,(l)j2),,i-i 



Cl+Ci^U 2 



Using (1.2), (1.3) and (5.3), we can write for j = 1, 2 



(5.9) 



Sj) 



E 

k=0 



lk{k-l) (^-u+^ 



{(1A)i 



(g ''^-^,q)k+i{.q''^^A)k+i k+i 



{(pA^] 



k+l 



10 



{q~''^Kq)M''^Kq)i j ^ {q-'^^^^SlljM^^lhllln'-^Kk-i)^^ 



(g^g^ 



fc=0 



{q'^^+'^,q'^)k{q,q)k 



-1+ 



OO 2-i5 

4 



E 



«—"=+«"+'-" {q-''*',q)k(q-*^_^ t 



fc=0 



{q.q)k 



+1 



{q^,q^)k 



E 



(g ''^Kq)kiq''^Kq)k ^:2^k(k+i-i)+k 



iq^q)ii^Q {q^,q^)k{q^^^,q)k 



For this reason we have 



J1)J2) 



{q-'+Kq)i{q''^'^,q)i i 



{q^,q^ 



q X 



(5.10) 



f. {q-'^'^Kq)k{q''^'^Kq)k , f^ {q-'^'^KqUq^^'^KqU M^ 



\t^ (g2Z+2^^2)^(^^g)^, 



m=0 



iq'^+\q')miq.q)r 



J1)J2) 



(5.11^ 



'('-!) 

g 4 



>p jq ''^'',q)kiq''^Kq)k ^ y^ (g ''+2,g)^(g'^+2,g)^ m(m+i+i) 



(?'^)«'\^ (g^g^)fc(g'+^g)fc ;^o (g^g^)m(g'+^g), 

The representations oi lu , j = 1, 2, have the form 



Il'\2u;q' 



X 



2m 



X 



OO OO 

E <=!-«" +E 



c'i'u' + .e--' I ^(-Ij'c'!.'.,-' + E(-l)'4'«' 



/ = 1 



/=0 



. /=1 



/=0 



ttu 



OO 



^(l + ,e^(-+0-)cg^-/ + ^(l + 



*e 



i(i^+07r\ Ji),,/ 



q^u 



1=1 



Hence 



1=0 
2\ ^i' 



li'\2u-qn = ^x 



2u 



(5.12) 



X 



5^(1 + ^e^(-0.)^c«c;%-' + 5^(1 + 



ze 



^(^+^)^^^/c;;)c;jtz' 



i=i 



/=0 



In the similar way we obtain 



Kl'\2u;q') 



q-'H[l-q^ 



2a,,\/2u 



E(-i; 



'•'c«c<!'«-' 



+E(-i) 



'■M^!?«' 



/=i 



«=o 



J^\^u-q') 



^ „~i4-j^7r 



2m 



e 4 "2"x 



(5.13) 
(5.14) 



11 



X 



E(i + 



le 



cY_!cY_!u-' + 



E(i + 



le ]\/cl^cl^u 



1=1 



1=0 






q-y +2{l-q^ 



a,,Tiy2u 



-6 4 ''2"X 



(5.15) 



E(-i+^^ 



i^^\J^'')^'^)n,~l 



-1 + «e"'" h/c _ c _ w~ + > -1 + le 



'I- H 



E(-i + 



--/^M^' 



i=i 



/=o 



6 The asymptotic behaviour of the g^-Bessel func- 
tions of type 1 and 2 



n+\ 



Let u = q 
designations 



n 



hiq 



, where [a] is an integral part of a and < A < 0. Introduce the 



M(-i_„x\Jj)(<^i-x\ 






Q) 



5 ^±i 



e^J\^iq^-^-^] 



and define A^ by (4.12) as previously. Then it follows from (4.9) - (4.11) that 



e«(±«) = g^^e^i(i±i)"Q2\ e«(±z«) = q'^^e'^^'^'^^^ni'^ 



±i- 



ITV .|(lTl)nn(.2) J2), 



e^'^{±u) = g-4^^e*tliTi)ngi^-;^ el'\±tu) = q 



■^^e^^i"g|2. 



Using (5.1) and (5.2) we obtain 



Ii'\2u;q' 



=g2 



2w" 



^(1), 






K«(2.;g^) = ^"^"'^^-^')'-^--« 



2a^\'2u 



Ii'\2u-q' 



-.q 2 



2u 



gf $.(m) + ^e^'^^+^^^gL'^ $,(-«) 



i^^^n2n);g^ 



g--^ + i(l_g2 



^Af^i7mA^(2) 



2a;^v2'U 
Us the formulas (5.4), (5.5) and (6.1). Then 

J^\2u,q-): 



g-2^^e™gL'^$,(-ii). 



g2 X 



2u' 



X 



g-.(2.+i)|+^f „Q(i)$^(,^) + e*(2.+yf +*f "gL'i$,(-zti) 



(1), 



y«(2n;g2) 



q'-'+h{l-q2 



N , 



7Tauv2u 



-g2^' X 



(6.1) 



(6.2) 

(6.3) 
(6.4) 

(6.5) 
(6.6) 



(6.7) 



12 



_g-.(2.-l)|+.f „g(l)^^(^^) - e^(2.-l)|+.f nQ(l)$^( 



-zu] 



4'\2u; 



^u —i-N 



q 2'- X 



(6i 



X 



e-*(2.+^)5-^5-Q(2)^^(^^,) + e^(2.+l)f +^§nQ(2)$^ 



-lU] 



«-''**(l-«Vi"x 






(6.9) 



Now we can describe the asymptotic behaviour of g^-Bessel functions of type 1 and 2. 
Note that if n -^ — oo (1^1 -^ oo), 



$.(±«)q2^ ^ 4'H V)4^'H±?'"') 



and 



$.(±^t.)g2] - - (±^g')e(^)(TV''). 
eq 



Proposition 6.1 The following asymptotic formulas take place for lu (2w; q^), KI (2w; q^) 
Ji'\2u;q'), Y^'\2u;q'), j = 1, 2 



li'H2u;q' 



''V ijv 



q'^ X 



X [[e-e«(g^)e«(gi-^)+^e-e«(-g^)e«(-gi-^)] (l + or-)), 



K^^\2u,q' 



q-" +2{l-q^ 



2ai,\/2u 



Ii'\2u; 



Me'^^\-q')e^^\-q'-'){l + o{q-)), 



r^^K)(,^)ef(g^^^) + 



^g^..+^.ng(2)(_^A)g(2)(_^l-A)] (1 +o(g-n))^ 



J«(2«;g2) 



-5(1 -g2 



2ay\j2u 
0-1/ In 



-g-^^e™ef )( V)ef (-g'-^)(l + 0(5-")), 



2m' 



i(2z.+l)5+i4fn^{l)/. Ax (l)/_. l-Ax 



F«(2ix;g2) 



«(2.+l)|+^f(n+A)g(l)(_^^A)g(l)(^^l-A)] (^ ^ ^(^-„))^ 

_,(2.-l)|+.=^„ m.^ Ax (1), ^ 1-A, 



^-'^'^ni-?') iiV 



e 

42)(2z,^;g2 



ttySm 

i(2u-l)^+i^n(l)(-X(l)f-,l^X 



'^'^^X'{-zq'e^^^{zq'-')\{l + o{q'-)), 
a„ 



*'l/ 



2u 



-iiV^g-.(2.+l)|-.f„g(2)(^^A)g(2)(_^^l^A)^ 



13 



A^'^^m^^-.-ef{-^q')ef\^q'-')] (1 + o(g-")), 



,2,1 



'Kauv2u 



Proof. The statement of Proposition follows from (6.2) - (6.9). □ 

7 The asymptotic behaviour of the Q'^-Bessel func- 
tions of type 3 

Consider the coefficient (5.10). Obviously 

q-'^H + q'^-l > 2 => q-"^^ - 1 > 1 - q"'^ => 

g-5(g-'^+i _ 1) > g5(l -gi^-l) ^ g"'^ + g'^ > gi + g-^ ^ 

(g" + q-')q'+''+^ > {q^ + 5-5)g2'+2fc+^ ^ 

1 _ (g- + g--)g'+'=+i + g2'+2/c+l < ^ _ ^2i+2/c ^ 
(1 - q-''+^+''+^){l - q' 

I _ Q2l+2k 

Hence it follows from (1.2) and (1.3) that 



-,-J/+i + fc+iVl _ rrl^+l + k+^' 



< 1. 



and 



^ (g-+'+^+ig),(g-+'+^+i,g)fe j. ^y- q' .. 

t^ (?^'+^?^).(g,g). ^ "t^(^'5)^ ' 

- (g-+'+-+ig)^(g-+^+-+l,g)^ ^^^^^ < V iZZZ = /. f ^ 
;^o iq'^^',q'Uq,q)m ^ ";i(^'^)™ 

(1^2^/ / { \j7 { Aq'''^^'^q)iiq''^^'^q)i i 

c\Jc\J < ^eg{q)E,{q) ^-^-^^^ q . 



But this coefficient is not interesting for us because the first summand of (5.9) tends to 
zero if \u\ -^ oo. 

Consider coefficient (5.11). It follows from (1.1) and (5.3) that for arbitrary / > and 
i = 1,2,..., A; 



l-qi+i - 1-g' 
and for arbitrary 2 = 1, 2, ..., m 



i+i 
0< . ,,. < ^ 



l-ql+i l_g' 
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So 



f^ {q-''^Kq)k{q^^Kq)k , ^ ^ iQ-'^Kq)k{q^^Kq)k .., 



A;=0 



{q'^,q^)k{q'^^,q)k 



fc=0 



{q^,q^)k 



Z^llg'^+Sg ^+2;_Q;g,ag) = (^2(a) 



(7.1) 



for some a G (1, j^), and 

E (g '^ "^^qjmiq" ^ , g)m ^im(m.-l)+/3m+m _ V^ (^ " '^,q)m{q'' ^ , q)m ^irn(m-l) ^ n^V 



m=0 



(g2,g%(g'+i,g), 



m=0 



(g^g2 



2$2(g'^+^?''^+^;-g,0;g,-/3g) = V92(/?) 



for some /? G (0, j^)- 
Hence 



(1) (2) _ g 4 



(pi{a)if2{[^) = 7 ^(/?(a,/9). 



{q,q)i {q,q)i 

Now substituting (7.3) into (5.12) - (5.15) and using (1.4) we can write 



(7.2) 



(7.3) 



Ii'\2u;q') 



5^(1 + ^e^(-0.) v^c^cf^- + 5^(1 + ^e^(-0.)^c«c;j 



1=1 



1=0 



.(1)J2)„; 



ti 



5^(1 + ze^(^+')-)V^c«c;jt.'(l + 0(5-")) 



/=o 



v{a,P){ef\u)+te'^^ef\-u)){l + o{q-n) 



''u —±N 



Because Cq {—q 



q 3^^ 24 ^(a,/?) 



(3)/ „l-n-\\ 



ef(g")ef(g^-") 
ef(?i-"-^) 



^e 



„...ef(-g^)ef(V-^) 



g(3)(_^l-n-A) 



;i + o(g-")) 



1 if n ^ —00 we have 



e\2u;q' 



''u -4-N 



q 3 2np(a,P)x 



(7.4) 



X [ef (g^)ef (gi-^) + ze^-ef)(-g^)ef)(-g^-^)] (1 + o(g-")) 
In the similar way we obtain 

Ki'\2u;q^) = ^'?'^^^^'^ g-i^-^y^(«,/J)ef ( V)ef (-g^-^)(l + o(g-)), (7.5) 



2a,yV2u 



Ji'\2u;q' 



2a„ 



'2z 



'i^-^(^(a,/3)e-^(2.+i)f^ 



X [-ef (^g^)ef (-^gi-^) + ^e^'^-ef(-^g^)ef (^g^^^)] (1 + o(g-")), 



yi=^)(2u;g^ 



'^i-g^) 



a,,T\\j2u 



g-i^-^e"^(2.-i)f^(^^^)^ 



(7.6) 



(7.7) 



X \ef[tq^)ef{-%q''^)^%e^-ef{-iq^)ef[%q'~^)\ (l + o(g-")), 
where v9(q;,/9) = (/9i(q;)(/92(/?) is determined be (7.1) and (7.2). 
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